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Abstract
Let H(U) denote the vector space of all complex-valued holomorphic functions on an open subset U
of a Banach space E. Let τω and τδ respectively denote the compact-ported topology and the bornological
topology on H(U). We show that if E is a Banach space with a shrinking Schauder basis, and with the
property that every continuous polynomial on E is weakly continuous on bounded sets, then (H(U), τω)
and (H(U), τδ) have the approximation property for every open subset U of E. The classical space c0,
the original Tsirelson space T ∗ and the Tsirelson∗–James space T ∗
J
are examples of Banach spaces which
satisfy the hypotheses of our main result. Our results are actually valid for Riemann domains.
© 2010 Elsevier Inc. All rights reserved.
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0. Introduction
Let H(U) denote the vector space of all complex-valued holomorphic functions on a
nonempty open subset U of a complex Banach space E. Let τ0, τω and τδ respectively denote the
compact-open topology, the compact-ported topology and the bornological topology on H(U).
See Section 3 for the definition of these topologies.
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(H(U), τδ) was initiated by Aron and Schottenloher [5]. More recently Boyd, Dineen and
Rueda [8] studied the approximation property for the space of holomorphic functions on U
which are weakly uniformly continuous on U -bounded sets, with its natural topology. In those
papers the authors obtained their best results when U = E or when U is a balanced open subset
of E.
In a more recent paper Dineen and Mujica [13] extended some of the results of Aron and
Schottenloher [5] on (H(U), τ0) to the case of arbitrary open sets, and promised to devote a
subsequent paper to the study of (H(U), τω).
This paper is devoted to the study of the approximation property for the spaces (H(U), τω) and
(H(U), τδ). To begin with we observe that the τω and τδ topologies behave very differently from
the τ0 topology. Indeed among other results Dineen and Mujica [13] proved that (H(U), τ0) has
the approximation property for every open subset U of a Banach space E with a Schauder basis.
On the other hand it follows from a result of Floret [14] that neither (H(U), τω) nor (H(U), τδ)
has the approximation property for each open subset U of 2.
In our main result we show that if E is a Banach space with a shrinking Schauder basis, and
with the property that every continuous polynomial on E is weakly continuous on bounded sets,
then (H(U), τω) and (H(U), τδ) have the approximation property for every open subset U of E.
The classical space c0, the original Tsirelson space T ∗ and the Tsirelson∗–James space T ∗J are
examples of Banach spaces which satisfy the hypotheses of our main theorem.
Even though we are mainly interested in the study of holomorphic functions defined on open
subsets of Banach spaces, we deal here more generally with holomorphic functions defined on
Riemann domains over Banach spaces. The reason is that our proofs rely heavily on results
and techniques from the theory of holomorphic approximation on pseudoconvex Riemann do-
mains over Banach spaces with a Schauder basis, and the fact, established by Alexander [2] and
Hirschowitz [18] that every space of the form (H(U), τδ), with U ⊂ E open, is topologically
isomorphic to a space of the form (H(Û ), τδ), where Û is a suitable pseudoconvex Riemann
domain over E.
This paper is organized as follows. In Section 1 we recall the approximation property and
the ε-product of Laurent Schwartz, and state an important characterization of the approximation
property in terms of the ε-product. In Section 2 we present the aforementioned counterexample
to the approximation property in 2. In Section 3 we study compact holomorphic mappings on
a Riemann domain X. After giving several characterizations of compact holomorphic mappings,
we show that (H(X), τω) or (H(X), τδ) has the approximation property if and only if each com-
pact holomorphic mapping on X can be approximated by holomorphic mappings of finite rank
in a suitable way. Section 4 is devoted to the study of approximation of compact holomorphic
mappings on pseudoconvex Riemann domains over certain Banach spaces. Finally in Section 5
we extend the results from Section 4 to the case of arbitrary Riemann domains.
We refer to the book of Lindenstrauss and Tzafriri [20] for background information on Banach
spaces, and to the books of Dineen [12] or Mujica [21] for background information on infinite
dimensional complex analysis.
1. The approximation property and the ε-product
In this section E and F represent locally convex spaces, always assumed complex and Haus-
dorff. Let L(E;F) denote the vector space of all continuous linear mappings from E into F , and
let Lc(E;F) denote the vector space L(E;F), with the topology of uniform convergence on all
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instead of Lc(E;C). Let E′ ⊗ F denote the subspace of all finite rank mappings in L(E;F).
A locally convex space E is said to have the approximation property if the identity mapping
on E lies in the closure of E′ ⊗ E in Lc(E;E). This is Schwartz’ definition of the approxima-
tion property in [30], which is slightly different from Grothendiek’s definition in [18], though
both definitions coincide for quasi-complete locally convex spaces. The following useful result
follows easily from the definition.
1.1. Proposition. Let E be a locally convex space. If E has the approximation property, then
each complemented subspace of E has also the approximation property.
One of the main tools in this paper is the ε-product of Laurent Schwartz [30,31]. The ε-
product of E and F , denoted by EεF , is the space Lε(E′c;F), that is the vector space L(E′c;F),
with the topology of uniform convergence on the equicontinuous subsets of E′. The following
result is due to Schwartz [30].
1.2. Proposition. (See [30].) Let E and F be locally convex spaces. Then the mapping T ∈
EεF → T ′ ∈ FεE is a topological isomorphism.
In this paper we will frequently use the following important characterization of the approxi-
mation property in terms of the ε-product.
1.3. Theorem. (See [16,30,6].) A locally convex space E has the approximation property if and
only if E ⊗ F is dense in EεF for every Banach space F .
Theorem 1.3 follows from results of Grothendieck [16], Schwartz [30] and Bierstedt and
Meise [6]. Detailed proofs of these results can be found in [13] and [23].
2. Holomorphic functions on a Hilbert space
In this short section we present the counterexample to the approximation property in 2 men-
tioned in the Introduction.
From now on E and F represent complex Banach spaces. For each m ∈ N let P(mE;F)
denote the Banach space of all continuous m-homogeneous polynomials from E into F . For
each nonempty open subset U of E let H(U ;F) denote the vector space of all holomorphic
functions from U into F . When F = C we write P(mE) and H(U) instead of P(mE;C) and
H(U ;C), respectively. Let τ0, τω and τδ respectively denote the compact-open topology, the
compact-ported topology and the bornological topology on H(U ;F).
Mujica and Dineen [13, Corollary 3.7] proved that (H(U), τ0) has the approximation property
for every open subset U of a Banach space E with a Schauder basis. As a sharp contrast we have
the following counterexample.
2.1. Example. By using results of Swankowski [32] and Diaz and Dineen [10], Floret [14, p. 173]
has shown that P( 22) does not have the approximation property (see also [12, p. 467]).
Since P( 22) is topologically isomorphic to a complemented subspace of each of the spaces
(H(U), τω) and (H(U), τδ), it follows that neither (H(U), τω) nor (H(U), τδ) has the approxi-
mation property for each open subset U of 2.
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We briefly recall the terminology from the theory of Riemann domains over Banach spaces.
A pair (X, ξ) is said to be a Riemann domain over E if X is a Hausdorff topological space,
and ξ : X → E is a local homeomorphism. For each x ∈ X let dX(x) denote the supremum
of all r > 0 for which there exists an open neighborhood U of x in X and a ball BE(ξ(x); r)
in E such that the restriction ξ |U : U → BE(ξ(x); r) is a homeomorphism. For each x ∈ X
and 0 < r  dX(x) let BX(x; r) denote the connected component of ξ−1(BE(ξ(x); r)) which
contains x. By [21, Proposition 47.6] the mapping ξx := ξ |BX(x;dX(x)) : BX(x;dX(x)) →
BE(ξ(x);dX(x)) is a homeomorphism for every x ∈ X. For each set A ⊂ X, let dX(A) =
infx∈A dX(x).
A mapping f : X → F is said to be holomorphic if the mapping f ◦ξ−1x : BE(ξ(x);dX(x)) →
F is holomorphic for every x ∈ X. Let H(X;F) denote the vector space of all holomorphic
mappings from X into F . When F = C we write H(X) instead of H(X;C). Given f ∈ H(X;F),
x ∈ X and m ∈ N, let Pmf (x) ∈ P(mE;F) denote the polynomial Pm(f ◦ ξ−1x )(ξ(x)), that
is the m-homogeneous polynomial in the Taylor series of the holomorphic mapping f ◦ ξ−1x :
BE(ξ(x);dX(x)) → F .
A seminorm p on H(X;F) is said to be ported by a compact set K ⊂ X if for each open set V ,
with K ⊂ V ⊂ X, there exists c > 0 such that p(f ) c supx∈V ‖f (x)‖ for every f ∈ H(X;F).
The τω topology on H(X;F), introduced by Nachbin [25], is the locally convex topology defined
by those seminorms which are ported by some compact subset of X.
The τδ topology on H(X;F), introduced independently by Coeuré [9] and Nachbin [26], is
the locally convex topology defined by those seminorms p such that, for each countable open
cover (Vj )
∞
j=1 of X, there exist n ∈ N and c > 0 such that p(f ) c sup{‖f (x)‖: x ∈
⋃n
j=1 Vj }
for every f ∈ H(X;F).
For a detailed study of these topologies we refer the reader to the book of Dineen [12].
A mapping f ∈ H(X;F) is said to be compact at a point x ∈ X if there exists 0 < r  dX(x)
such that the set f (BX(x; r)) is relatively compact in F . The mapping f is said to be compact
if it is compact at every x ∈ X. Let Hk(X;F) denote the subspace of all compact members of
H(X;F).
3.1. Proposition. Let E and F be Banach spaces, and let (X, ξ) be a connected Riemann domain
over E. Then the following conditions are equivalent:
(a) f is compact at some x ∈ X.
(b) There exists x ∈ X such that Pmf (x) is compact at 0 for every m ∈ N.
(c) f is compact.
(d) Pmf (x) is compact at 0 for every x ∈ X and m ∈ N.
Proof. (a) ⇒ (b): Let 0 < r  dX(x) such that f (BX(x; r)) is relatively compact in F . If ΓA
denotes the closed, convex, balanced hull of a set A, then it follows from the Cauchy integral
formula (see [21, Corollary 7.3]) that Pmf (x)(BE(0; r)) ⊂ Γ f (BX(x; r)), and hence Pmf (x)
is compact at 0 for every m ∈ N.
(b) ⇒ (a): Let 0 < R  dX(x) such that f (BX(x;R)) is bounded in F . Then the Taylor
series of f at x converges to f uniformly on BX(x; r) for every 0 < r < R. Fix 0 < r < R.
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y ∈ BX(x; r). Hence it follows that
f
(
BX(x; r)
)⊂
N∑
m=0
Pmf (x)
(
BE(0; r)
)+BF (0; ε).
Since Pmf (x)(BE(0; r)) is precompact in F for every m, it follows that f (BX(x; r)) is precom-
pact in F as well.
Thus (a) ⇔ (b), and this implies that (c) ⇔ (d), without any connectedness hypothesis on X.
Since obviously (c) ⇒ (a), we complete the proof by showing that (a) ⇒ (c).
(a) ⇒ (c): Let A = {x ∈ X: f is compact at x}. The set A is nonempty, and is clearly open.
To complete the proof we show that A is closed in X. Let (xn)∞n=1 be a sequence in A which
converges to some x ∈ X (note that X is metrizable, by [21, Proposition 47.10]). Choose R > 0
such that 2R  dX(x) and f (BX(x;2R)) is bounded in F . Choose n such that xn ∈ BX(x;R).
It follows that dX(xn)  R and x ∈ BX(xn;R) ⊂ BX(x;2R). Choose 0 < r < R such that x ∈
BX(xn; r). Since f is compact at xn, the implication (a) ⇒ (b) implies that Pmf (xn) is compact
at 0 for every m. Since f (BX(xn;R)) is bounded in F , the proof of the implication (b) ⇒ (a)
shows that f (BX(xn; r)) is relatively compact in F . Since x ∈ BX(xn; r), it follows that f is
compact at x, and thus x ∈ A. 
For each f ∈ H(X;F), let f ′ denote the linear mapping f ′ : ψ ∈ F ′ → ψ ◦ f ∈ H(X).
Likewise for each P ∈ P(mE;F), let P ′ denote the linear mapping P ′ : ψ ∈ F ′ → ψ ◦ P ∈
P(mE).
Before stating our next result we make some remarks about nonconnected Riemann domains.
These remarks are very important to study the differences between the τω and the τδ topologies.
3.2. Remark. Let (X, ξ) be a Riemann domain over a Banach space E, let {Xi : i ∈ I } be the
family of connected components of X, and let fi = f |Xi for each f ∈ H(X) and i ∈ I . Then the
mapping
f ∈ H(X) → (fi)i∈I ∈
∏
i∈I
H(Xi)
is a vector space isomorphism. Since each compact subset of X is contained in the union of
finitely many Xi ’s, it follows that the mapping
f ∈ (H(X), τω)→ (fi)i∈I ∈∏
i∈I
(H(Xi), τω) (1)
is a topological isomorphism, and the same is true for τ0. In the case of τδ the situation is more
complicated. Indeed it follows from [12, Theorem 3.19] that the mapping
f ∈ (H(X), τδ)→ (fi)i∈I ∈∏
i∈I
(H(Xi), τδ) (2)
is a topological isomorphism if and only if the product
∏
i∈I (H(Xi), τδ) is bornological. It fol-
lows from the Mackey–Ulam theorem that this happens if and only if I does not admit a Ulam
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μ on the family of all subsets of I such that μ(I) = 1 and μ({i}) = 0 for every i ∈ I . The ex-
istence of a Ulam measure on I depends only on the cardinality |I | of I . We will say that the
cardinal |I | is measurable if there exists a Ulam measure on I . It is unknown whether there exist
measurable cardinals. If they exist, they are huge. More precisely every measurable cardinal β is
strongly inaccessible. This means that (i) β > ℵ0; (ii) β > 2α for every cardinal α < β; and (iii)
β >
∑
j∈J αj for every family {αj : j ∈ J } of cardinals αj < β such that |J | < β . For proofs
of these facts we refer the reader to [19, pp. 281–283] or [15, pp. 161–166]. If there exist mea-
surable cardinals, then they provide new examples of Riemann domains X such that τω = τδ on
H(X). Indeed let I be a set such that |I | is a measurable cardinal, let E be a Banach space with
a Schauder basis, and let X =⋃i∈I Xi be the disjoint union of |I | copies of E. Then τω = τδ
on H(Xi) for every i ∈ I (see [11] for Banach spaces with an unconditional Schauder basis, and
[22] or [12, Corollary 4.16] for the general case). It follows from the preceding remarks that
(H(X), τω)=∏
i∈I
(H(Xi), τω)=∏
i∈I
(H(Xi), τδ) = (H(X), τδ).
3.3. Theorem. Let E and F be Banach spaces, let (X, ξ) be a Riemann domain over E, and let
f ∈ H(X;F). Consider the following conditions:
(a) f : X → F is compact.
(b) f ′ : F ′c → (H(X), τδ) is continuous.
(c) f ′ : F ′c → (H(X), τω) is continuous.
(d) f ′ : F ′ → (H(X), τω) is compact.
(e) Pmf (x)′ : F ′ → P(mE) is compact for every x ∈ X and m ∈ N.
Then conditions (a), (c), (d) and (e) are equivalent, and are implied by condition (b). Condition
(b) is equivalent to the other conditions if E is separable and the number of connected compo-
nents of X is a nonmeasurable cardinal.
Proof. (a) ⇒ (c): Let p be a continuous seminorm on (H(X), τω), p ported by a compact set
K ⊂ X. Since f is compact, we can find an open set V , with K ⊂ V ⊂ X, such that L = f (V ) is
compact in F . Since p is ported by K , there is c > 0 such that p(φ) c supx∈V |φ(x)| for every
φ ∈ H(X). In particular p(ψ ◦ f )  c supx∈V |ψ ◦ f (x)|  c supy∈L |ψ(y)| for every ψ ∈ F ′.
This shows (c).
(c) ⇒ (d): Since the identity mapping F ′ → F ′c is compact, (d) follows at once from (c).
(d) ⇒ (e): Let x ∈ X, m ∈ N and ψ ∈ F ′. Then Pmf (x)′(ψ) = ψ ◦Pmf (x) = Pm(ψ ◦f )(x).
Thus the mapping Pmf (x)′ is the composite of the linear mappings f ′ : ψ ∈ F ′ → ψ ◦ f ∈
(H(X), τω) and φ ∈ (H(X), τω) → Pmφ(x) ∈ P(mE). The first mapping is compact, by (d),
and the second one is easily seen to be continuous. Thus Pmf (x)′ is compact.
(e) ⇒ (a): Aron and Schottenloher [5, Proposition 3.2] have shown that a polynomial P ∈
P(mE;F) is compact at 0 if and only if the linear mapping P ′ : F ′ → P(mE) is compact.
Thus it follows from (e) that Pmf (x) is compact for every x ∈ X and m ∈ N. By the preceding
proposition f is compact.
It is obvious that (b) ⇒ (c), and thus (b) implies all the other conditions.
Next we show that (a) ⇒ (b) when E is separable and X is connected. Since f : X → F is
compact, for each x ∈ X there exists an open set Vx containing x such that f (Vx) is relatively
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tion 47.7]), and thus the open cover {Vx : x ∈ X} admits a countable subcover {Vxj : j ∈ N}.
If p is a continuous seminorm on (H(X), τδ), then there exist n ∈ N and c > 0 such that
p(φ) c sup{|φ(x)|: x ∈⋃nj=1 Vxj } for every φ ∈ H(X). If L =⋃nj=1 f (Vxj ), then it follows
that p(ψ ◦ f ) c supy∈L |ψ(y)| for every ψ ∈ F ′. This shows (b).
Finally we show that (a) ⇒ (b) when E is separable and the number of connected components
of X is a nonmeasurable cardinal. Let {Xi : i ∈ I } be the family of connected component of X.
By hypothesis |I | is a nonmeasurable cardinal, and it follows from Remark 3.2 that the mapping
(2) is a topological isomorphism. By condition (a) the mapping f : X → F is compact, and this
implies that the mapping fi : Xi → F is compact for every i ∈ I . It follows from the implication
(a) ⇒ (b) for connected Riemann domains that the mapping
f ′i : ψ ∈ F ′c → ψ ◦ fi ∈
(H(Xi), τδ)
is continuous for every i ∈ I . Since the mapping (2) is a topological isomorphism, it follows that
the mapping
f ′ : ψ ∈ F ′c → ψ ◦ f ∈
(H(X), τδ)
is continuous. This shows (b), and completes the proof. 
We do not know if condition (b) is equivalent to the other conditions if E or X do not satisfy
the additional hypotheses.
Before stating our next result we have to introduce two additional topologies on H(X;F).
Given a seminorm p on H(X), let p˜ denote the seminorm on H(X;F) which is defined by
p˜(f ) = sup{p(ψ ◦ f ): ψ ∈ F ′, ‖ψ‖ 1}.
Let wτω denote the locally convex topology on H(X;F) defined by the seminorms of the
form p˜, where p is a continuous seminorm on (H(X), τω). If p is τω-continuous, then it follows
easily that p˜ is τω-continuous, and therefore wτω  τω on H(X;F).
Likewise let wτδ denote the locally convex topology on H(X;F) defined by the seminorms
of the form p˜, where p is a continuous seminorm on (H(X), τδ). If p is τδ-continuous, then it
follows easily that p˜ is τδ-continuous, and therefore wτδ  τδ on H(X;F).
With this terminology we have the following theorem.
3.4. Theorem. Let E and F be Banach spaces, and let (X, ξ) be a Riemann domain over E.
Then:
(a) Each of the mappings
f ∈ (Hk(X;F),wτω)→ f ′ ∈ Fε(H(X), τω) (3)
and
f ∈ (Hk(X;F),wτω)→ f ′′ ∈ (H(X), τω)εF (4)
is a topological isomorphism.
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nal, then each of the mappings
f ∈ (Hk(X;F),wτδ)→ f ′ ∈ Fε(H(X), τδ)
and
f ∈ (Hk(X;F),wτδ)→ f ′′ ∈ (H(X), τδ)εF
is a topological isomorphism.
Proof. (a) By Theorem 3.3 the mapping (3) is well defined. It is injective, since F ′ sepa-
rates the points of F . To show that it is surjective, let T ∈ Fε(H(X), τω). Then obviously
T ∈ Fε(H(X), τ0). By a theorem of Schottenloher [29], the mapping f ∈ (H(X;F), τ0) →
f ′ ∈ Fε(H(X), τ0) is a topological isomorphism. In particular there is f ∈ H(X;F) such that
f ′ = T . By Theorem 3.3 f ∈ Hk(X;F). To show that the mapping (3) is continuous, let p be
a continuous seminorm on (H(X), τω), and let q be the seminorm on Fε(H(X), τω) defined by
q(T ) = sup{p(T ψ): ψ ∈ F ′, ‖ψ‖ 1}. Then
q
(
f ′
)= sup{p(ψ ◦ f ): ψ ∈ F ′, ‖ψ‖ 1}= p˜(f ).
This shows that the mapping (3) is continuous. By reversing the preceding argument we see
that the inverse of the mapping (3) is continuous too. Thus the mapping (3) is a topological
isomorphism.
The assertion concerning the mapping (4) follows from Proposition 1.2. The proof of (b) is
analogous. 
By combining Theorems 3.4 and 1.3 we immediately obtain the following theorem.
3.5. Theorem. Let E be a Banach space, and let (X, ξ) be a Riemann domain over E. Then:
(a) (H(X), τω) has the approximation property if and only if H(X)⊗F is dense in (Hk(X;F),
wτω) for every Banach space F .
(b) If E is separable and the number of connected components of X is a nonmeasurable car-
dinal, then (H(X), τδ) has the approximation property if and only if H(X) ⊗ F is dense in
(Hk(X;F),wτδ) for every Banach space F .
4. Approximation of compact holomorphic mappings in pseudoconvex Riemann domains
We briefly recall the terminology from the theory of pseudoconvex Riemann domains over
Banach spaces.
Let (X, ξ) be a Riemann domain over a Banach space E. A function f : X → [−∞,∞) is
said to be plurisubharmonic if the function f ◦ ξ−1x : BE(ξ(x), dX(x)) → [−∞,∞) is plurisub-
harmonic for every x ∈ X. Let Psc(X) denote the set of all continuous plurisubharmonic func-
tions on X. For each set A ⊂ X, consider the set
ÂPsc(X) =
{
y ∈ X: f (y) sup f (x) for every f ∈ Psc(X)
}
.x∈A
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if dX(K̂Psc(X)) > 0 for every compact set K ⊂ X. Likewise for each set A ⊂ X consider the set
ÂH(X) =
{
y ∈ X: ∣∣f (y)∣∣ sup
x∈A
∣∣f (x)∣∣ for every f ∈ H(X)}.
(X, ξ) is said to be metrically holomorphically convex if dX(K̂H(X)) > 0 for every compact set
K ⊂ X. It follows that if a Riemann domain is metrically holomorphically convex, then it is
pseudoconvex.
Let Pw(mE;F) denote the subspace of all P ∈ P(mE;F) which are weakly continuous on
bounded sets. Aron, Hervés and Valdivia [4] have shown that every P ∈ Pw(mE;F) is weakly
uniformly continuous on bounded sets.
Our main result in this section is the following theorem.
4.1. Theorem. Let E be a Banach space with a shrinking Schauder basis, and with the property
that P(mE) = Pw(mE) for every m ∈ N. Let (X, ξ) be a connected pseudoconvex Riemann do-
main over E. Then H(X)⊗F is sequentially dense in (Hk(X;F), τδ) for every Banach space F .
Before proving Theorem 4.1 we need some auxiliary lemmas. Before stating those lemmas
we have to introduce some additional notation and terminology.
Let E be a Banach space with a Schauder basis (en)∞n=1. Let (φn)∞n=1 ⊂ E′ denote the se-
quence of coordinate functionals, and let (Tn)∞n=1 ⊂ L(E;E) denote the sequence of canonical
projections, that is Tn(x) =∑nj=1 φj (x)ej for every x ∈ E. Let En denote the subspace of E
generated by e1, . . . , en. Let c and ca respectively denote the basis constant and the asymptotic
basis constant, that is c = supn∈N ‖Tn‖ and ca = lim supn→∞ ‖Tn‖.
If (X, ξ) is a Riemann domain over E, then Xn := ξ−1(En) is a Riemann domain over En.
The next two lemmas can be found in the book of Mujica [21, Lemmas 54.4, 54.5 and 54.6].
4.2. Lemma. Let E be a Banach space with a Schauder basis. Let (X, ξ) be a connected Riemann
domain over E. Then there exist three increasing sequences (Aj )∞j=1, (Bj )∞j=1 and (Cj )∞j=1 of
open subsets of X, and there exists a sequence of mappings τj : Aj → Xj with the following
properties:
(a) Xj ⊂ Aj and Cj ⊂ Bj ⊂ Aj for every j . X =⋃∞j=1 Cj .
(b) dAj (Bj ) 2−j and Bj ∩Xn ⊂⊂ Aj ∩Xn for all j,n.
(c) Each τj is a Tj -morphism, that is ξ ◦ τj = Tj ◦ ξ on Aj . Moreover τj = identity on Xj ,
τj ◦ τj+1 = τj+1 ◦ τj = τj on Aj and τn(Cj ) ⊂ Bj ∩Xn whenever n j .
(d) Given a compact set K ⊂ X and 0 < ε < dX(K), there exists j ∈ N such that K ⊂ Cj and
τn(x) ∈ BX(x; ε) for every x ∈ K and n j .
(e) If X is pseudoconvex, then each Aj is pseudoconvex, and H(Xn) is dense in (H(Aj ∩ Xn),
τ0) for all j,n.
4.3. Lemma. Let E be a Banach space with a Schauder basis. Let (X, ξ) be a connected pseudo-
convex Riemann domain over E. Then, given f ∈ H(Xn) and ε > 0, there exists g ∈ H(X) such
that
sup
∣∣f ◦ τn(x)− g(x)∣∣ ε.x∈Cn
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as a refinement of a classical construction of Gruman and Kiselman [17], when they solved the
Levi problem in Banach spaces with a Schauder basis. The following lemma is a vector-valued
version of Lemma 4.3.
4.4. Lemma. Let E be a Banach space with a Schauder basis. Let (X, ξ) be a connected pseudo-
convex Riemann domain over E, and let F be a Banach space. Then, given f ∈ H(Xn;F) and
ε > 0, there exists g ∈ H(X)⊗ F such that
sup
x∈Cn
∥∥f ◦ τn(x)− g(x)∥∥ ε.
Proof. Xn is a Riemann domain over En. Since En is finite dimensional, a result of Grothendieck
[16, Chapitre II, p. 81] guarantees that H(Xn)⊗F is dense in (H(Xn;F), τ0). Hence there exists
h ∈ H(Xn) ⊗ F such that supy∈Bn∩Xn ‖f (y) − h(y)‖ ε. We may write h(y) =
∑k
i=1 hi(y)bi ,
with hi ∈ H(Xn) and bi ∈ F . By Lemma 4.3 we can find g1, . . . , gk ∈ H(X) such that
supx∈Cn |hi ◦ τn(x)− gi(x)| ε/k‖bi‖. Let g ∈ H(X)⊗F be defined by g(x) =
∑k
i=1 gi(x)bi .
Since τn(Cn) ⊂ Bn ∩Xn, it follows that
sup
x∈Cn
∥∥f ◦ τn(x)− g(x)∥∥ sup
x∈Cn
∥∥f ◦ τn(x)− h ◦ τn(x)∥∥+ sup
x∈Cn
∥∥h ◦ τn(x)− g(x)∥∥
 sup
y∈Bn∩Xn
∥∥f (y)− h(y)∥∥+ sup
x∈Cn
k∑
i=1
∣∣hi ◦ τn(x)− gi(x)∣∣ 2ε. 
In our next lemma we derive some important additional properties of the sets Aj , Bj and Cj .
In the case of open subsets of Banach spaces, a similar lemma was obtained by Mujica and Vieira
[24, Lemma 1.6], but in the case of Riemann domains the proof is much more complicated.
4.5. Lemma. Let E be a Banach space with a Schauder basis. Let (X, ξ) be a connected Riemann
domain over E. Then the sets Aj , Bj and Cj have the following properties:
(a) Given x ∈ X and 0 < r < (3ca)−1dX(x), there exists j1 ∈ N such that BX(x; r) ⊂ Aj1 .
(b) Given x ∈ X and 0 < r < (3ca)−2dX(x), there exists j2 ∈ N such that BX(x; r) ⊂ Bj2 .
(c) Given x ∈ X and 0 < r < (3ca)−3dX(x), there exists j3 ∈ N such that BX(x; r) ⊂ Cj3 .
Proof. (a) The sets Aj were defined in [21, Lemma 54.4] by
Aj =
{
x ∈ X: sup
nj
∥∥Tn ◦ ξ(x)− ξ(x)∥∥< dX(x)}.
Since 3car <dX(x), there exists θ >1 such that 3θcar <dX(x). Since ca = lim supn→∞ ‖Tn‖,
there exists j1 ∈ N such that ‖Tn‖  θca for every n  j1. Since ‖Tn ◦ ξ(x) − ξ(x)‖ → 0, we
may in addition assume that ‖Tn ◦ ξ(x) − ξ(x)‖ (θca − 1)r for every n j1. If y ∈ BX(x; r)
and n j1, then
∥∥Tn ◦ ξ(y)− ξ(y)∥∥ ∥∥Tn ◦ ξ(y)− Tn ◦ ξ(x)∥∥+ ∥∥Tn ◦ ξ(x)− ξ(x)∥∥+ ∥∥ξ(x)− ξ(y)∥∥
< θcar + (θca − 1)r + r = 2θcar < 2dX(x).3
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sup
nj1
∥∥Tn ◦ ξ(y)− ξ(y)∥∥< 23dX(x) dX(y),
and therefore y ∈ Aj1 . Thus BX(x; r) ⊂ Aj1 .
(b) The sets Bj were defined in the proof of [21, Lemma 54.5] as follows. We first consider
the open sets
Pj =
{
x ∈ Aj : dAj (x) > 2−j
}
,
Qj =
{
x ∈ Pj : sup
nj
∥∥Tn ◦ ξ(x)− ξ(x)∥∥< dPj (x)
}
.
Without loss of generality we may assume that Q1∩X1 is nonempty. We fix a point x0 ∈ Q1∩X1,
call Q′1 the connected component of Q1 which contains x0, and define
Bj =
{
x ∈ Q′j : ρQ′j (x0, x) < j
}
,
where ρQ′j denotes the geodesic distance in Q
′
j (the geodesic distance in a connected Riemann
domain is defined in [21, Proposition 47.10]).
Since 3car < (3ca)−1dX(x), we may choose ρ and s such that 3car < 3caρ < s <
(3ca)−1dX(x). By (a) there exists j1 ∈ N such that BX(x; s) ⊂ Aj1 . Hence dAj1 (x) s > 3caρ.
Choose k  j1 such that 2−k < s − 3caρ.
We claim that BX(x;3caρ) ⊂ Pk . Indeed let y ∈ BX(x;3caρ) ⊂ BX(x; s) ⊂ Aj1 ⊂ Ak . Then
BX(y; s − 3caρ) ⊂ BX(x; s) ⊂ Aj1 ⊂ Ak,
and therefore dAk (y) s − 3caρ > 2−k for every y ∈ BX(x;3caρ). Thus BX(x;3caρ) ⊂ Pk .
Hence dPk (x) 3caρ > 3car , and therefore 0 < r < (3ca)−1dPk (x). By (a) there exists l  k
such that
BX(x; r) ⊂ Al(Pk) ⊂ Al(Pl) = Ql.
Let L be a polygonal line in X from x0 to X. Since L is compact, it is contained in some Qm. It
follows that L∪BX(x; r) is contained in some Qn. Since L∪BX(x; r) is connected and contains
x0, we conclude that L∪BX(x; r) ⊂ Q′n. Choose j2  n such that j2 > ρQ′n(x0, x)+ r .
We claim that BX(x; r) ⊂ Bj2 . Indeed if y ∈ BX(x; r), then y ∈ Q′n ⊂ Q′j2 and
ρQ′j2
(x0, y) ρQ′j2 (x0, x)+ ρQ′j2 (x, y)
 ρQ′n(x0, x)+
∥∥ξ(x)− ξ(y)∥∥
 ρQ′ (x0, x)+ r < j2.n
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sets
Rj =
{
x ∈ Bj : sup
nj
∥∥Tn ◦ ξ(x)− ξ(x)∥∥< dBj (x)
}
,
and define
Cj =
{
x ∈ Rj : dRj (x) > 2−j
}
.
Since 3car < (3ca)−2dX(x), we may choose ρ and s such that 3car < 3caρ < s <
(3ca)−2dX(x). By (b) there exists k  j2 such that BX(x; s) ⊂ Bk . Hence dBk (x)  s > 3caρ,
and therefore 0 < ρ < (3ca)−1dBk (x). By (a) there exists l  k such that
BX(x;ρ) ⊂ Al(Bk) ⊂ Al(Bl) = Rl.
Choose j3  l such that 2−j3 < ρ − r .
We claim that BX(x; r) ⊂ Cj3 . Indeed let y ∈ BX(x; r). Then
BX(y;ρ − r) ⊂ BX(x;ρ) ⊂ Rl ⊂ Rj3 .
Hence dRj3 (y) ρ − r > 2−j3 , and therefore y ∈ Cj3 . This completes the proof. 
A mapping f ∈ H(X;F) is said to be weakly uniformly continuous on a set A ⊂ BX(x;dX(x))
if the mapping f : (A,σ (E,E′)) → F is uniformly continuous. Here (A,σ (E,E′)) denotes the
set A, with the topology induced by the weak topology σ(E,E′) through the mapping ξx .
Given f ∈ Hk(X;F) and x ∈ X, let rkf (x) denote the supremum of all 0 < r  dX(x) such
that f (BX(x; r)) is relatively compact in F .
With this terminology we have the following lemma.
4.6. Lemma. Let E be a Banach space such that P(mE) = Pw(mE) for every m ∈ N. Let (X, ξ)
be a Riemann domain over E, let F be a Banach space, and let f ∈ Hk(X;F). Then f is weakly
uniformly continuous on BX(x; r), for each x ∈ X and 0 < r < rkf (x).
Proof. Fix x ∈ X and 0 < r < rkf (x). Then f (y) =∑∞m=0 Pmf (x)(ξ(y)−ξ(x)), with uniform
convergence on BX(x; r). It follows that ψ ◦ f (y) =∑∞m=0 ψ ◦ Pmf (x)(ξ(y) − ξ(x)), with
uniform convergence on BX(x; r), for every ψ ∈ F ′. Since P(mE) = Pw(mE) for every m, it
follows that the function ψ ◦ f is weakly uniformly continuous on BX(x; r). Hence it follows
that the mapping
f |BX(x; r) :
(
BX(x; r), σ
(
E,E′
))→ (F,σ (F,F ′))
is uniformly continuous. Since f (BX(x; r)) is relatively compact in F , the norm topology and
the weak topology induce the same uniform structure on f (BX(x; r)). It follows that the mapping
f |BX(x; r) : (BX(x; r), σ (E,E′)) → F is uniformly continuous. 
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quence (gn)∞n=1 ⊂ H(X)⊗ F such that
sup
x∈Cn
∥∥f ◦ τn(x)− gn(x)∥∥ 1/n
for every n. We will prove that (gn)∞n=1 converges to f on each set BX(x; r), with x ∈ X and
0 < r < (3ca)−3rkf (x). Fix x ∈ X and 0 < r < (3ca)−3rkf (x). Let θ > 1 such that θ2r <
(3ca)−3rkf (x)  (3ca)−3dX(x). By Lemma 4.5 there exists n0 ∈ N such that BX(x; θ2r) ⊂
Cn0 . Without loss of generality we may in addition assume that ‖Tn‖  θca and ‖x − τnx‖ 
θ2car − θcar for every n n0.
We claim that
τn
(
BX(x; r)
)⊂ BX(x; θ2car) for every n n0.
Indeed for every y ∈ BX(x; r) we have that
∥∥ξ ◦ τn(y)− ξ(x)∥∥= ∥∥Tn ◦ ξ(y)− ξ(x)∥∥ ∥∥Tn ◦ ξ(y)− Tn ◦ ξ(x)∥∥+ ∥∥Tn ◦ ξ(x)− ξ(x)∥∥
 θcar +
(
θ2car − θcar
)= θ2car.
Since θ2r(3ca)3 < rkf (x), Lemma 4.6 guarantees that f is weakly uniformly continu-
ous on BX(x; θ2r(3ca)3). Hence for each ε > 0 there exists a balanced 0-neighborhood
W in (E,σ (E,E′)) such that ‖f (y) − f (z)‖  ε whenever y, z ∈ BX(x; θ2r(3ca)3) and
ξ(y)− ξ(z) ∈ W . Since (en)∞n=1 is a shrinking basis, the sequence (Tn)∞n=1 converges to the iden-
tity weakly uniformly on the bounded subsets of E (see [34, Proposition 1.3]). Hence there exists
n1  n0 such that 1/n1  ε and t−Tnt ∈ W for all t ∈ BE(ξ(x); r). Let y ∈ BX(x; r) and n n1.
Then τn(y) ∈ BX(x; θ2car) ⊂ BX(x; θ2r(3ca)3). Since ξ(y)−ξ ◦τn(y) = ξ(y)−Tn ◦ξ(y) ∈ W ,
it follows that ‖f (y)− f ◦ τn(y)‖ ε, and therefore
∥∥f (y)− gn(y)∥∥ ∥∥f (y)− f ◦ τn(y)∥∥+ ∥∥f ◦ τn(y)− gn(y)∥∥ ε + 1/n 2ε. 
5. Approximation of compact holomorphic mappings in arbitrary Riemann domains
In this section we establish the following theorem, which allows us to remove the pseudocon-
vexity hypothesis from Theorem 4.1.
5.1. Theorem. Let (X, ξ) be a connected Riemann domain over a Banach space E. Then there
exist a connected pseudoconvex Riemann domain (X̂,π) over E, and a morphism δ : (X, ξ) →
(X̂,π) such that the mapping
g ∈ (H(X̂;F), τδ)→ g ◦ δ ∈ (H(X;F), τδ)
is a topological isomorphism for every Banach space F .
Proof. This theorem is essentially known, and is due to Alexander [2] and Hirschowitz [18].
Since we have not found the theorem in the literature in the form we need it, we briefly
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ous algebra homomorphisms T : (H(X), τ0) → C. By the Mackey–Arens theorem there is a
mapping π : Sc(X) → E such that φ ◦ π(T ) = T (φ ◦ ξ) for every T ∈ Sc(X) and φ ∈ E′.
Let δ : x ∈ X → δx ∈ Sc(X) denote the evaluation mapping, that is δx(f ) = f (x) for every
f ∈ H(X). Then there is a Hausdorff topology on Sc(X) such that (Sc(X),π) is a Riemann do-
main over E and the mapping δ : (X, ξ) → (Sc(X),π) is a morphism (see [21, Theorem 57.2] or
[12, Proposition 5.19]). For each f ∈ H(X), let f̂ : Sc(X) → C be defined by f̂ (T ) = T (f ) for
each T ∈ Sc(X). It follows that f̂ ∈ H(Sc(X)) and f̂ ◦ δ = f . Furthermore, for each compact set
L ⊂ Sc(X), there exists a compact set K ⊂ X such that
sup
T ∈L
∣∣f̂ (T )∣∣ sup
x∈K
∣∣f (x)∣∣ for every f ∈ H(X)
(see [21, Theorem 57.3] or [12, Proposition 5.21]). It follows from [21, Proposition 57.8] that
Sc(X) is metrically holomorphically convex, and therefore pseudoconvex.
Let X̂ denote the connected component of Sc(X) which contains δ(X). Then X̂ is a connected
pseudoconvex Riemann domain, and for each f ∈ H(X), there exists a unique f̂ ∈ H(X̂) such
that f̂ ◦ δ = f . Next let F be a Banach space, and let f ∈ H(X;F). Then a standard argument
shows the existence of a unique f̂ ∈ H(X̂;F) such that f̂ ◦ δ = f . Indeed let f̂ : X̂ → F ′′ be
defined by f̂ (T )(ψ) = ψ̂ ◦ f (T ) = T (ψ ◦ f ) for every T ∈ X̂ and ψ ∈ F ′. It follows from
[21, Exercise 8.D] that f̂ ∈ H(X̂;F ′′). Since f̂ (δx) ∈ F for every x ∈ X, the identity principle
implies that f̂ (T ) ∈ F for every T ∈ X̂, and therefore f̂ ∈ H(X̂;F). Since ψ ◦ f̂ = ψ̂ ◦ f for
every ψ ∈ F ′, we easily get that for each compact set L ⊂ X̂, there exists a compact set K ⊂ X
such that
sup
T ∈L
∥∥f̂ (T )∥∥ sup
x∈K
∥∥f (x)∥∥ for every f ∈ H(X;F).
Hence it follows that if {fi : i ∈ I } is a bounded subset of (H(X;F), τ0), then {f̂i : i ∈ I } is a
bounded subset of (H(X̂;F), τ0). This immediately implies that the mapping
g ∈ (H(X̂;F), τδ)→ g ◦ δ ∈ (H(X;F), τδ)
is a topological isomorphism. This completes the proof of Theorem 4.1. 
From Theorems 4.1 and 5.1 we obtain the following theorem.
5.2. Theorem. Let E be a Banach space with a shrinking Schauder basis, and with the property
that P(mE) = Pw(mE) for every m ∈ N. Let (X, ξ) be a connected Riemann domain over E.
Then H(X)⊗ F is sequentially dense in (Hk(X;F), τδ) for every Banach space F .
From Theorem 5.2 and Remark 3.2 we obtain the following theorems.
5.3. Theorem. Let E be a Banach space with a shrinking Schauder basis, and with the property
that P(mE) = Pw(mE) for every m ∈ N. Let (X, ξ) be a Riemann domain over E. Then:
(a) H(X)⊗ F is sequentially dense in (Hk(X;F), τω) for every Banach space F .
(b) (H(X), τω) has the approximation property.
S. Dineen, J. Mujica / Journal of Functional Analysis 259 (2010) 545–560 5595.4. Theorem. Let E be a Banach space with a shrinking Schauder basis, and with the property
that P(mE) = Pw(mE) for every m ∈ N. Let (X, ξ) be a Riemann domain over E whose number
of connected components is a nonmeasurable cardinal. Then:
(a) H(X)⊗ F is sequentially dense in (Hk(X;F), τδ) for every Banach space F .
(b) (H(X), τδ) has the approximation property.
5.5. Examples. We next give three examples of Banach spaces which satisfy the hypotheses of
Theorems 5.3 and 5.4.
(a) Bogdanowicz [7] and Pelczynski [27, Corollary 4.4] have independently shown that every
P ∈ P(mc0) is weakly sequentially continuous for every m ∈ N. Since c0 contains no sub-
space isomorphic to 1, a result of Aron, Hervés and Valdivia [4] guarantees that every
P ∈ P(mc0) is weakly continuous on bounded sets.
(b) Let T ∗ denote the reflexive Banach space with a Schauder basis constructed by Tsirelson [33],
and which contains no subspace isomorphic to c0 or p . Alencar, Aron and Dineen [1] have
shown that P(mT ∗) is reflexive for every m ∈ N. It follows from a result of Ryan [28] that
every P ∈ P(mT ∗) is weakly continuous on bounded sets.
(c) Let T ∗J denote the generalized James space modelled on T ∗ considered by Aron and Di-
neen [3]. Aron and Dineen [3] have shown that T ∗J is a nonreflexive Banach space with a
shrinking Schauder basis, and with the property that every continuous polynomial is weakly
continuous on bounded sets.
5.6. Open problems. Aron and Schottenloher [5, Proposition 5.1] have shown that (H(1), τω)
has the approximation property, and it follows from a result of Dineen [11] that τω = τδ on H(1).
But the following problems remain open:
(a) Does (H(U), τω) have the approximation property for every open subset U of 1?
(b) Does (H(U), τδ) have the approximation property for every open subset U of 1?
Since 1 has a nonseparable dual, it is clear that 1 does not have any shrinking Schauder
basis.
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